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A mathematical model for a long elastic torsional robot beam is determined. The
above system can be expressed as an evolution equation on a Hilbert space.
Furthermore the system is shown to be stable and controllable, and we design a
controller for the system. Q 2000 Academic Press
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1. INTRODUCTION
With the rapid development of robotics in engineering, the coupled
bending and torsional vibrations of elastomers appear frequently in appli-
cation. In this case, the motion of the system is governed by some coupled
ordinary differential equations and partial differential equations. In this
paper, we shall discuss the control problem for a long and thin flexible
robot arm. We first describe the flexible robot system as an evolution
equation in an appropriate Hilbert space, and then apply functional
analysis, spectral theory of linear operators and semigroup theory of linear
operators to investigate stability. Finally, we design a controller so that the
considered system is exponentially stable under this control, and the tip of
the arm of the robot can reach any designated point. Related works on the
w xcontrol of beams can be found in 2, 3, 13, 15 . The mathematical model in
w xour paper is taken from 13 , but our approach is different from theirs. We
are concerned with more theoretical issues such as controllability and
w xstability. This paper is a continuation of our earlier work 15 . The
traditional approaches to prove the existence of solution of the original
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w Ž . Ž .xsystems with nonlinear boundary conditions see Eqs. 2.1 ] 2.7 will run
into problems with the turning angle u being a function of time, t, and the
Ž .transverse displacement, y t, x . The issue for us is to determine the
controllability and the stability of the robot. Presently, we are working on a
simulation of such a closed loop feedback control.
2. THE MODEL OF A BEAM WITH A TIP BODY
Consider a long and thin flexible beam which is rotated by a motor in a
horizontal plane. The beam is clamped on a vertical shaft of the motor at
one end and has a tip body rigidly attached at the free end as shown in
Fig. 1. The beam is of length l and with a uniform mass density r per unit
length, uniform flexural rigidity EI, and uniform torsional rigidity GJ. Let
X , Y , Z be the inertial Cartesian coordinate axes, where X , Y axes0 0 0 0 0
span a horizontal plane, and Z axis is the axle of rotation of the motor.0
Let X , Y , Z with Z s Z denote coordinate axes rotating with the1 1 1 1 0
Ž .motor and u t be the angle of rotation of the motor. Let Q be the mass
center of the rigid tip body, and P be the intersection of the beam tip's
tangent with a perpendicular plan passing through the Q. Let C denote
the distance between the beam's tip point and P, and C is assumed to be
small. It is also assumed that P and Q never coincide and lie on the same
vertical line in the equilibrium state. Let e be the distance between P
and Q.
We take another coordinate axes, X , Y , Z attached to the tip body,2 2 2
where X is the beam's tip tangent and is obtained by rotation X axis by2 1
u due to the bending of the beam. During the motion the tip body1
oscillates about a shear-center axis PX like a pendulum. Let F be the2
FIG. 1. Bending and torsion of a flexible beam with a tip body.
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angle of rotation of the tip body about PX . The axes Y , Z also oscillates2 2 2
together with the tip body. Since the tip body is a rigid body, it is
characterized by mass m, and two moments of inertia J and J , where J0 E 0
is 0 with respect to the line passing through Q and parallel to the axis PZ2
and J is with respect to the line passing through Q and parallel to theE
axis PX .2
Ž . Ž .Now let y t, x and f t, x be the transverse displacement of the beam
in the rotating frame X , Y and the angle of twist of the beam, respec-1 1
tively, at position x, 0 - x - l, and at time t. For the transverse vibration
we use the Euler]Bernoulli model with internal viscous damping of the
w xVoigt type 13
¡ 2 5 4› y t , x EI › y t , x EI › y t , xŽ . Ž . Ž . Èq 2d q s yxu t ,Ž .2 4 4~ 2.1r r Ž .› t › t› x › x¢y t , 0 s y9 t , 0 s 0,Ž . Ž .
where d ) 0 is a small damping constant of the beam material. The initial
conditions are due to the fact that the beam is clamped at x s 0.
We assume that the beam material is isotropic and the internal damping
constant for the torsional vibration is equal to that of the transverse
vibration. Therefore, the torsional vibration is governed by
¡ 2 3 2› f t , x GJ › f t , x GJ › f t , xŽ . Ž . Ž .
y 2d ? y ? s 0,2 2 2 2 2~ 2.2› t rk › t› x rk › x Ž .¢f t , 0 s 0,Ž .
where rk 2 is the polar momentum of inertia mass for per length of beam.
Ž . Ž . Ž . Ž .Obviously f t, l s F t , y t, l s u t .x 1
Neglecting some nonlinear small quantities, we obtain the total kinetic
energy of end body by
2 21 1Ç ÇT s J f t , l q J u t q y9 t , lŽ . Ž . Ž .ÇE 02 2
21 Çq m l q c u t q y t , l q cy9 t , l q ew t , l ,Ž . Ž . Ž . Ž . Ž .Ç Ç Ç2
where ``the overdot'' denotes the time derivative, and ``prime'' denotes the
Ž . Ž . Ž .spatial derivative. We choose y t, l , y9 t, l , f t, l as the generalized
coordinates, and f , f , and f as the corresponding generalized forces1 2 3
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defined by
f s EIy- t , l q 2dEIy- t , l ,Ž . Ž .Ç1
f s yEIy0 t , l y 2dEIy0 t , l ,Ž . Ž .Ç2
f s yGIf9 t , l y 2d GIw9 t , l .Ž . Ž .Ç3
From the second class Lagrange's equation we have
d › T › T
y s f i s 1, 2, 3 ,Ž .iž /dt › q › qÇi i
Ž . Ž . Ž .where q s y t, l , q s y9 t, l , q s f t, l . We can derive the following1 2 3
boundary equations of coupled bending and torsional vibrations of flexible
beam as follows.
m l q c u t q y t , l q cy9 t , l q ew t , lŽ . Ž . Ž . Ž . Ž .È È È
s EIy- t , l q 2dEIy- t , l , 2.3Ž . Ž . Ž .Ç
È Èmc l q c u t q y t , l q cy9 t , l q ew t , l q J u 9 t q y9 t , lŽ . Ž . Ž . Ž . Ž . Ž . Ž .È È È È0
s yEIy0 t , l y 2dEIy0 t , l , 2.4Ž . Ž . Ž .Ç
Ème l q c u t q y t , l q cy9 t , l q ew t , l q J w t , lŽ . Ž . Ž . Ž . Ž . Ž .È È È ÈE
s yGJf9 t , l y 2d GJw9 t , l . 2.5Ž . Ž . Ž .Ç
Ž .The rigid turning angle u t of the beam is described by
È ÇJ u t q mu t s t t q EIy0 t , 0 ,Ž . Ž . Ž . Ž .m c 2.6Ž .
Ž1. Ž2.½ Çu 0 s u , u 0 s u ,Ž . Ž .
where J is the inertia moment of the electrical motor, m is the viscous-m
Ž .friction coefficient, EIy0 t, 0 is the bending moment of the flexible beam,
Ž . Ž . Ž . Ž .and t t is the torque of the motor. Unlike in Eqs. 2.3 , 2.4 , and 2.5 ,c
Ž .there is no damping term for the angle of turning u t at the shaft end in
Ž .2.6 , for it is negligible in comparison with the damping at the tip body.
The motion differential equations of the robot system is described by
Ž . Ž . Ž Ž ..2.1 ] 2.6 . The turning angle u t, y t depends on the time variable, t,
Ž .and the bending moment, y0 t, 0 .
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2Ž . 2Ž . 3We shall choose the space H s L 0, l = L 0, l = R as a state space,
which is a Hilbert space equipped with the inner product defined as
5
l 2² :u , ¤ s r u x ¤ x q k u x ¤ x dx q u ¤ ,Ž . Ž . Ž . Ž . ÝH H 1 1 2 2 i i
0 is3
Ž .T Ž .T Ž .Twhere u s u , u , . . . , u , ¤ s ¤ , ¤ , . . . , ¤ , u, ¤ g H, and ???1 2 5 1 2 5
Ž .means the transpose of ??? . Let V be a subspace of H defined by
T 2V s u s u , u , . . . , u N u x g H 0, l ,Ž . Ž . Ž . 1 2 5 1
u x g H 1 0, l , u s u l , u s uX l ,Ž . Ž . Ž . Ž .2 3 1 4 1
u s u l , u 0 s 0, uX 0 s 0, u 0 s 0 ,4Ž . Ž . Ž . Ž .5 2 1 1 2
mŽ .  2Ž . Žm. 2Ž .4where H 0, l s f g L 0, l s f 9, f 0, . . . , f g L 0, l is the mth de-
gree Sobolev space, m s 1, 2.
We now define the inner product on V by
5
l Y Y X X² :u , ¤ s u x ¤ x q u x ¤ x dx q u ¤ .Ž . Ž . Ž . Ž . ÝV H 1 1 2 2 i i
0 is3
² :It is easy to see that V with the inner product ? , ? is a Hilbert space.V
Define an operator n: H “ H as
1 0
0 1nu s u , u g H ,Ž .
0 M
where
m mc me
2mc J q mc mceM s 0 .
2me mce J q meE
It is obvious that n and M are symmetric positive operators.
Due to the positivity of the operator n, we can define another inner
product as
l 2² : ² :u , ¤ s n u , ¤ s r u x ¤ x q k u x ¤ x dxŽ . Ž . Ž . Ž .H 9 H H 1 1 2 2
0
Tq u , u , u M ¤ , ¤ , ¤ .Ž . Ž .3 4 5 3 4 5
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Ž ² : .We denote the space H, ? , ? by H 9. It is apparent that there areH 9
two constants c and c such that1 2
5 5 5 5 5 5c u F u F c u .H H 9 H1 2
Thus, H 9 is also a Hilbert space. Furthermore, we define the operator
Ž .B: D B “ H by
EI d4 GJ d2 d3 d d
Busdiag , y , yEI , EI , GJ u , u g D B .Ž .4 2 2 3ž /r dx dxdx rk dx dx
Ž .  Ž .T Y 2Ž . X 1Ž .4Here D B s u s u , u , . . . , u N u g V, u g H 0, l , u g H 0, l1 2 5 1 2
is the domain of B.
Ž . Ž .In the systems 2.1 ] 2.6 , the turn angle u is related to time t and the
Ž .bending vibration displacement y of the beam, i.e., u s u t, y . If we
Ž Ž . Ž . Ž ..Tintroduce the notation V s y x, 0, m l q c , J q mc l q c , me l q c ,0
Ž . Ž .and then the system 2.1 ] 2.5 can be described as the following second
order homogeneous evolution equation:
Ènu t q 2dBu t q Bu t s Vu t , y t . 2.7Ž . Ž . Ž . Ž . Ž .Ž .È Ç
y1 Ž . Ž . Ž .Let A s n B, D A s D B . Then 2.7 becomes
È y1u t q 2d Au t q Au t s u t , y t n V . 2.8Ž . Ž . Ž . Ž . Ž . Ž .Ž .È Ç
The corresponding second order homogeneous evolution equation is as
follows:
u t q 2d Au t q Au t s 0. 2.9Ž . Ž . Ž . Ž .È Ç
' duT 0 IŽ . Ž . w x Ž . Ž .Set u s u , u , u s u t , u s , A s , D A s D AŽ1. Ž2. Ž1. Ž2. dt yA y2 d A
' y1' TÈŽ . Ž . Ž Ž . Ž Ž ... Ž .=D A , and F t, u s 0, n V u t, y t . Then 2.8 becomes
'du tŽ . '' 's Au t q F t , u . 2.10Ž . Ž . Ž .
dt
The corresponding homogeneous evolution equation is
'du tŽ . 's Au t . 2.11Ž . Ž .
dt
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3. THE SPECTRAL PROPERTIES OF A AND A
THEOREM 3.1. The operator A is a densely defined, self-adjoint, positi¤e
definite operator on V.
2 1 2 Ž .Proof. Since H , H are dense in L , it follows that D A is dense in
w xV and subsequently A is densely defined. See Theorem 1 in 13 for A
being self-adjoint and positive definite operator on V.
THEOREM 3.2. The in¤erse of A exists and it is compact.
w xProof. See Theorem 2 in 13 .
Ž .THEOREM 3.3. The spectrum s A of A consists of only countable
 4eigen¤alues l with finite multiplicity, so that 0 - l - l - ??? - l -n 1 2 n
Ž .??? and l “ ‘ n “ ‘ .n
Proof. It follows from Theorem 3.2 that Ay1 can be diagonalized as
y1l1
y1l 02
. .y1 .A s
y1ln
0 . . .
with l G l G l . . . and lim l s 0. Thus1 2 3 n“‘ n
l1
l 02
. .A s ..
0 ln
. . .
Let orthogonal unital eigenvectors of A corresponding to the eigenvalue
Ž .l be f where j s 1, 2, . . . , n ; n is finite such that Af s l f ,n n k k n n nj j j
5 5  4‘fn s 1. It is known that f , . . . , f form an orthonormal basisH 9j k k ks11 nk
for H 9.
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Next, we shall discuss the spectral properties of the main operator A in
Ž .the evolution equation 2.10 . Let's consider a dense subspace E s
Ž 1r2 .D A = H 9 with a new inner product defined by
' ' 1r2 1r2² : ² : ² :u , ¤ s A u , A ¤ q u , ¤ , 3.1Ž .E H 9 H 9Ž1. Ž1. Ž2. Ž2.
' 'T TŽ . Ž .where u s u , u , ¤ s ¤ , ¤ g EŽ1. Ž2. Ž1. Ž2.
Ž .LEMMA 3.4. The space E with the inner product defined in 3.1 is a
Hilbert space.
' 4Proof. Let u be a Cauchy sequence in E. For any positive number e ,n ' '5 5there exists a positive integer n such that u y u - e whenever0 n m
5 5 5 1r2Ž 5n, m G n . Therefore, we have u y u - e , A u y u H 90 n m n mŽ2. Ž2. Ž1. Ž1.
for n, m G n . Since H 9 is a Hilbert space, there exists u*, ¤* in H 9 such0
that u “ u*, A1r2 u “ ¤*. Note that AyŽ1r2. exists and hence u “n n nŽ2. Ž1. Ž1.
yŽ1 r2. 1r2 yŽ1r2. Ž Ž1r2..A ¤*. By the closedness of A , we have A ¤* g D A and
' '1r2 yŽ1r2. yŽ1r2. TŽ . Ž .A A ¤* s ¤*. Thus, u converges to u s A ¤*, u* .n
It is easy to see that E has an orthonormal basis consisting of the
following vectors:
‘
f 0f 0 kk n1 k, , . . . , , .ff½ 5ž / ž / kž / ž /k n10 k0 ks1
Ž .THEOREM 3.5. Denote the spectrum of A by s A , the point spectrum of
Ž . Ž .A by s A , the resol¤ent of A by r A , then we ha¤e the following results:p
1 ‘ 41 s A s s A j y , s A s j , h ,Ž . Ž . Ž . Ž .p p k k ks1½ 52d
where
2 2' 'j s ydl q dl y l , h s ydl y dl y lŽ . Ž .k k k k k k k k
lks
2'ydl y dl y lŽ .k k k
1 1
“ s as k “ ‘
2' y2dyd y d
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and the eigen¤ectors of A corresponding to j and h are, respecti¤ely, ask k
follows:
f f1 1k k' 'j j
f s , c sk kj j2 2j f h fž / ž /k k k k< < < <' 'j jl q j l q hk k k k
' '
5 5 5 5with f s c s 1.E Ek kj j
Ž . Ž .2 If m g r A , then
y1
mI y AŽ .
y1 y12 2m q 2dm A q A m q 2d A m q 2dm A q AŽ .Ž . Ž .
s .y1 y12 2 2yI q m q 2dm A q A m q 2dm A m m q 2dm A q AŽ . Ž . Ž .
3.2Ž .
'
‘ 4 Ž .Proof. We first verify that j , h ; s A by checking that f andk k ks1 r k j'
c are eigenvectors of A corresponding to j and h , respectively. Sincek k kj 1 y1 Ž .l “ ‘ as k “ ‘, and j “ y as k “ ‘; hence, g s A . Next, wek k 2d 2 d
1 ‘Ž .  4show that s A : j , h , y .k k ks12d
1 2 y1Ž . Ž .Suppose m / j , h , y and f l s m l q 2dm q 1. Then, f A sk k 2d
m2Ay1 q 2dm q I by the functional calculus. Since the extended spectrum
Ž . Ž .  4  4‘  4s A of A is equal to s A j ‘ s l j ‘ . We havee k ks1
f l s m2ly1 q 2dm q 1 / 0, otherwise m s j , or hŽ .k k k k
and
1
lim f l s 2dm q 1 / 0 for m / y .Ž .k 2dk“‘
Ž Ž .. Ž Ž ..It follows from spectral mapping theorem that 0 f f s A s s f A ,e
Ž Ž ..and so 0 g r f A . Note that
y1 y1 y12 y1 2 y1 y1m q 2dm A q A s A m A q 2dm q I s A f A .Ž .Ž . Ž .
Ž 2 .y1Therefore m q 2dm A q A exists and it is a bounded linear operator
Ž .on H9. If we denote the right-hand side of 3.2 by S, then it is easy to
Ž .verify that S is the bounded linear operator on H and mI y A S s I ,H
Ž . Ž .y1S mI y A s I . Thus, mI y A s S, and the proof of the theoremDŽ A .
is complete.
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COROLLARY 3.6. The operator A is a closed linear operator.
Ž .y1Proof. Since mI y A is a bounded linear operator on H for m g
Ž . Ž . wŽ .y1 xy1p A , it follows that mI y A s mI y A is closed. Hence A is a
closed operator.
4. EIGENVECTORS OF A FORM AN
UNCONDITIONAL BASIS
THEOREM 4.1. Let d / ly Ž1r 2 .. Then eigen¤ ectors of A ,k' ' ' '
‘Ž . Ž .4f , c , . . . , f , c , constitutes an unconditional basis of H 9 [ H 9.k k k k ks11 1 n nk k
¤Ž .Proof. Since for arbitrary g H 9 [ H 9 we havew
n n‘ ‘k kf 0 ' 'k¤ Ž1. Ž2.js ¤ q w s a f q a c ,Ý Ý Ý Ýk k k k k kž /fž / j j j j j jw ž / ž /k j0ks1 js1 ks1 js1
4.1Ž .
where
22 < <'l q jk kŽ1.a s yh ¤ y w ,Ž .k k k kj j j 2'2 dl y lŽ .k k
22 < <'l q hk kŽ2.a s j ¤ y w .Ž .k k k kj j j 2'2 dl y lŽ .k k
“ “ n ‘kŽ . 4Since f , c is an orthogonal set in H 9 [ H 9, it is an uncondi-k k js1 ks1j j
tional basis.
' 'yŽ1 r2.Next, if d s l , then j s h , f s c . In this case the eigenvec-k k k k kj j
tors do not constitute the unconditional basis of H 9 [ H 9 in general.
However, we have the following result.
yŽ1 r2. Ž .THEOREM 4.2. If d s l for some k for at most one k , then thek 00' ' ' ' ' ' 4  4eigen¤ectors of A, f , c , . . . , f , c j f , . . . , c togetherk k k k k / k k k1 1 n n 0 0 0k k 1 nk0
00Ž . Ž .4with , . . . , , constitute the bases of H 9 [ H 9.kf 0k n0 k1 0
Proof. Since d s lyŽ1 r2., we see from Theorem 3.4 that j s h sk k k0 0 0
yl1r2, and the eigenvectors corresponding to j and h arek k k0 0 0
fk 01 j'
f s , j s 1, 2, . . . , j .k n1r20 k2j 0yl f 0l q l k k' 0 0k k j0 0
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Then,
fk 0f 0 0 jk 0 1r2j¤ q w s l ¤ q w q ¤k k ž k k k / kf f 1r20 0 0 0 0 0k kj j j j jž / ž / ž /0 0 ylj j  0k f0 0 k 0 j
0 'Ž1. Ž2.J b q b c j s 1, 2, . . . , j ,Ž .k k k kf0 0 0 0kj j jž /0 j
where
bŽ1. s l1r2 ¤ q w ,k k k k0 0 0 0j j j
Ž2. 2b s ¤ l q l .'k k k k0 0 0 0j j
¤Ž .For every g H 9 [ H 9 we havew
n‘ k f 0k 0¤ js ¤ q wÝ Ý k k fž / j jw ž /kž / j0ks1 js1
n nk ‘0 k0 ' ' 'Ž1. Ž2. Ž1. Ž2.s b q b c a f q a c .Ý Ý Ýk k k k k k kž /f0 0 0 j j j jkj j jž /0 jjs1 ks1 js1
k/k0
5. STABILITY AND CONTROL OF THE SYSTEM
In this section we shall investigate stability and control of the robot
system by means of the theory of operator semigroups. We are able to
prove that the real parts of the eigenvalues of A are upper bounded, and
there exists a constant v ) 0 such that1
sup Re m : m g s A s yv v ) 0 . 5.1Ž . Ž . Ž . 4n n p 1 1
In fact, it is easy to see from Theorem 3.5 that Re j - 0, Re h - 0. Sincek k
1 1lim j s y , lim h s y‘, it follows that lim Re j s yk “‘ k k “‘ k k “‘ k2d 2 d
and lim Re h s y‘. Hence we have the following theorem.k “‘ k
Ž . Ž .THEOREM 5.1. The operator A in 2.10 or 2.11 is the infinitesimal
Ž .generator of a C -semigroup T t on Hilbert space H 9 [ H 9, and there are0
5 Ž .5 yv T Ž .constants M ) 0 and v ) 0 such that T t F Me t G 0 .
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Ž . yŽ1 r2.Proof. 1 Assume d / l for any positive number k. We denotek
 4the eigenvalues and their corresponding eigenvectors of A by m andn' 4  Ž .4e , respectively. Let v s ysup Re l : l g s A .n
We see from the discussions above and Theorem 3.5 that for any real
' 'Ž .  4number l ) yv, l g r A . For any u g H 9 [ H 9, since e constitutesn
Ž .an unconditional basis of H 9 [ H 9 see Theorem 4.2 , it follows that
' '‘u s Ý a e , andns1 n n
‘ 1y1' 'lI y A u s a e ,Ž . Ý n nl y mnns1
‘m 1y1 ' 'lI y A u s a eŽ . Ý mn n
l y mŽ .ns1 n
m‘ l q v 1Ž . 's a e ,Ý m mn n
l y m l q vŽ . Ž .ns1 n
 4 <Ž .m ŽSince yv s sup Re m - 0 and l ) yv, we see that l q v r ln n
.m <y m F 1, andn
‘m 1 1y1 ' ' '5 5lI y A u F a e s u .Ž . Ým mn n
l q v l q vŽ . Ž .ns1
Thus,
m 1y1
lI y A F , l ) yv , m s 1, 2, 3, . . . .Ž . m
l q vŽ .
w xBy Theorem 1.5.3 in 11 , it follows that A is the infinitesimal generator of
Ž . 5 Ž .5 v ta C -semigroup T t on H, and T t F e , letting M s 1.0
Ž . yŽ1 r2.2 Assume d s l for some positive number k. We see fromk 'Theorem 4.3 that for any u g H 9 [ H 9
nn k‘ k 0 0' ' '' Ž1. Ž2. Ž1. Ž2.u s a f q a c q b q b c .Ý Ý Ýk k k k k k kž / fj j j j 0 0 0kj j jž /0 jks1 js1 js1
k/k0
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Since
' '
Ac s l c , j s 1, 2, . . . , j ,k k k k0 0 0 0j j
ff kk 00 0 0 jj0 IA s s sf f 1r2ž /k kyA y2d A y2d Afž / ž /0 0 y2l fj j  0k  0k k0 0 0j j
fk 00 j
1r2s q1r2 yl fk kž /yl f 0 0 0 jk k0 0 j
0'2 1r2s l q l c q yl .' Ž .k k k k f0 0 0 0 kj ž /0 j
' ' 00 4 Ž . Ž .4fHence, the space spanned by c , . . . , c j , . . . , is anf k 0kk k 0 n0 0 1 k1 n 0k0
invariant subspace of A and of 2 j dimensions denoted by M . Thus wek k0 0
Ž .y1 Ž .have mI y A M ; M for m g p A by functional calculus. It followsk k0 0w x Ž . Ž .from 13 that s A N ; s A .Mk 0
We now arrange the vectors spanning M as follows:k 0
00 0' ' '
, c , , c , . . . , , c .fk k kf f0 0 0kž / ž /1 2 n0k k ž /n k01 02 0k0
In this order, let
1r2 2yl l q l'k k k0 0 0
A s  00 lk 0
then A N has the formMk 0
A 0
A
.A N s there are j A's in the diagonal .Ž .M kk 00 .0 . 0
A
Ž .Ž .It is clear that A generates a C -semigroup T t t G 0 in M . Since0 1 k 0
Ž . Ž . Ž . Ž .s A N ; s A and s A N s s A N it follows that there is aM M p Mk k k0 0 0
5 Ž .5 yv t Ž .constant M ) 0 satisfying T t F M e , where v s v in 5.1 .1 1 1 1' ' ' ' 4On the other hand, since the family f , c , . . . , f , c consistsk k k k k / k1 1 n n 0k k
of the eigenvectors of A, the subspace M spanned by them is an invariantk
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subspace of A, and this family is just an unconditional basis of M . Thus,k
Ž . Ž .we know from the case 1 that A generates a C -semigroup T t , t G 0 in0 2
Ž .M . Since m g r A we havek
1 1' ' ' 'y1 y1
mI y A f s f , mI y A c s c ,Ž . Ž .k k k k jj j jm y j m y hk k
j s 1, 2, . . . , n ; k / k .Ž .k 0
Ž .y1 w x Ž . Ž .Hence mI y A M ; M . Thus, we see from 13 that s A N ; s Ak k Mk
and therefore there exists a constant M ) 0 satisfying2
5 5 yv tT t F M e . 5.2Ž . Ž .2 2
Note that H s M [ M , where [ expresses the orthogonal sum ink k0
Ž . Ž . Ž . Ž Ž .Hilbert space H 9 [ H 9. Now, let T t s T t [ T t obviously, T t ?1 2 1
Ž . Ž . Ž . .T t s T t ? T t s 0 .2 2 1
Ž .We shall next prove that T t is just a semigroup generated by A. In
Ž . Ž .fact, we need to verify the following i ] iv :
Ž . Ž . Ž . Ž .i T 0 s T 0 [ T 0 s I [ I s I ;1 2 m m Hk k0
Ž .ii
T t q s s T t q s [ T t q s s T t T s [ T t T sŽ . Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 1 2 2
s T t [ T t ? T s [ T sŽ . Ž . Ž . Ž .1 2 1 2
s T t ? T s t , s G 0 ;Ž . Ž . Ž .
Ž .iii x g H, x s x [ x , x g M , x g M ,k k k k k k0 0 0
lim T t x s lim T t [ T t x [ xŽ . Ž . Ž . Ž .1 2 k k0q qt“0 t“0
s lim T t x [ T t xŽ . Ž .1 k 2 k0qt“0
s lim T t x [ lim T t xŽ . Ž .1 k 2 k0q t“0t“0
s x [ xk k0
s x .
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Ž . Ž .iv For any x g D A . We have that x s x [ x , where x g M ,k k k k0 0 0
x g M ,k k
Ax s A x [ x s Ax [ AxŽ .k k k k0 0
T t x y x T x x y xŽ . Ž .1 k k 2 k k0 0s lim [ lim
q qt tt“0 t“0
T t x [ T t x y x [ xŽ . Ž . Ž .1 k 2 k k k0 0s lim
q tt“0
T x y xŽ .
s lim .
q tt“0
Ž .Thus, T t is the co-semigroup on H generated by A. Taking M s
 4 5 Ž .5 yv tmax 1, M , then we have T t F Me .2
This proves the Theorem 5.1.
Ž .THEOREM 5.2. The first order homogeneous e¤olution equation 2.11 has
'Ž .a unique solution u t .
Ž .Proof. Since A is the infinitesimal generator of a C semigroup T t0
Ž . Ž .t G 0 see Theorem 5.1 . According to the theory of the homogeneous
Ž .evolution equation we know that the evolution equation 2.11 has a
' ' ' TŽ . Ž . Ž Ž . Ž .. Ž . Ž .unique solution u t s T t u , where u s u 0 , u 0 , u 0 , u 0 are theÇ Ç0 0
Ž . Ž .initial values for system 2.1 ] 2.5 .
Ž .THEOREM 5.3. The solution u t of the second order e¤olution equation
Ž .2.9 is asymptotically stable.
Proof. We have known from Theorem 5.2 and Theorem 5.1 that the
'Ž . Ž .solution u t of the evolution equation 2.11 satisfies the following in-
equality:
' ' yv t5 5 5 5u t F u Me v ) 0 .Ž . Ž .E 0
'5 Ž .5Thus, lim u t s 0.Et “‘
Ž . Ž .It follows from the definitions 3.5 and 3.4 that
' 2 21r2 1r25 5 ² : ² : 5 5u G A u , A u s Au , u G C u .E H 9 H 9 H 9Ž1. Ž1. Ž1. Ž1. Ž1.
Ž . Ž . Ž .However, since u t s u t is the solution of 2.9 , it follows thatŽ1.
1 '5 5 5 5u t F u tŽ . Ž .H 9 E'c
5 Ž .5 Ž . Ž .and lim u t s 0. This implies that the solution u t of 2.9 isH 9t “‘
asymptotically stable.
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È 2 2w x Ž . Ž .THEOREM 5.4. Suppose for e¤ery T ) 0, u : 0, T = L 0, l “ L 0, l is
Ž . 2Ž .Lipschitz continuous with constant N in y on L 0, l , then nonlinear
'Ž . Žw x .e¤olution equation 2.10 has a unique weak solution u g C 0, T ; H .
Ž .Proof. In the evolution 2.10 , it is clear that
T' y1' ÈF t , u s 0, n Vu t , yŽ . Ž .Ž .
and
' y1 y1' È È5 5 5 5 5 5 5 5F t , u s n Vu t , y F n Vu t , y . 5.3Ž . Ž . Ž . Ž .E H 9 H 9
Ž .It follows from the definition of V and 3.2 that
l 22 2 2È È È5 5 < < < <Vu t , y s r xu t , y dx q m m l q c u t , yŽ . Ž . Ž . Ž .H 9 H
0
2 22 È< <q J q mc J q mc l q c u t , yŽ . Ž .Ž .0 0
2 22 È< <q J q me me l q c u t , yŽ . Ž .Ž .E
2È< <q 2 m l q c J q mc l q c mc u t , yŽ . Ž . Ž .0
2È< <q 2 J q mc l q c me l q c mce u t , yŽ . Ž . Ž .0
È 2< <q 2me l q c m l q c me u t , y . 5.4Ž . Ž . Ž . Ž .
Ž .Note that every term on the right-hand side of 5.4 contains the factor
È< Ž . <u t, y and is independent of x, except for the first term. The first term
becomes, for 0 F x F l,
l l2 2 22 3È È È< < < < < <r xu t , y dx F r l u t , y dx s r l u t , y . 5.5Ž . Ž . Ž . Ž .H H
0 0
Ž . Ž .Combining 5.4 and 5.5 , we have
È 2 2 È 2 2 2 2 25 5 < < 5 5Vu t , y F a u t , y F a N y , 5.6Ž . Ž . Ž .H L Ž0 , l .0 0
2 Ž .where a is the sum of the coefficients from all terms in 5.4 and a ) 0.0 0
Hence it is easy to see that
' y1' È5 5 5 5 5 5F t , u F n a u t , y . 5.7Ž . Ž . Ž .E 0
ÈŽ . Ž .By the assumption that u t, y is uniformly in t Lipschitz continuous in y
2 ÈŽ . 5 Ž .5 5 5on L 0, l , we have u t, y F N y for some N. Note that y s u in1
2 2 1 2Ž . Ž . Ž . 5 5 5 5 5 5u s u , u , u , u , u of systems 2.1 ] 2.5 , and y s u F u .H 91 2 3 4 5 1 r
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2 '1Ž . Ž . 5 5 5 5From 3.4 and 3.5 we get u F u . Hence we haveH 9 Ec
' y1' '5 5 5 5 5 5'F t , u F a N n r cr u . 5.8Ž . Ž .E EŽ .0
ÈŽ . w xSince u t, y in t is infinitely differentiable on 0, t , it must be continuous' 'w x Ž . w xon 0, t , and then F t, u in t is continuous on 0, t . Thus, according to
Ž .Theorem 1.2 we know that the nonlinear evolution equation 2.10 has a
' Žw x .unique weak solution u g C 0, t , H , and this completes the proof.
w xIn a similar manner, using Theorem 1.6 of 12 we get
È 2 2w x Ž . Ž .THEOREM 5.5. Let T ) 0, u : 0, T = L 0, l “ L 0, l be continuously
' TŽ Ž . Ž .. Ž .differentiable, then u s u 0 , u 0 g D A , and nonlinear e¤olution equa-Ç0
Ž .tion 2.10 has a unique strong solution.
Ž .In order to investigate the properties of the solution to 2.10 , we denote
Žw ..  w . 5 5 < Ž . < 4C 0, q‘ s f : f is continuous on 0, ‘ and f s sup f t - q‘ .‘ t G 0
Žw .. 5 5It is clear that the space C 0, q‘ with norm ? is a Banach space.‘
Žw ..We define an operator on C 0, q‘ by
t yv Ž tys.Kg t s e g s ds, g g C 0, q‘ ,Ž . Ž . .Ž .H
0
where v can be found in Theorem 5.1.
Žw ..LEMMA 5.6. The operator K is a linear bounded operator on C 0, q‘
5 5and K F 1rv.‘
Proof. It is obvious that K is linear. Next we prove that K is bounded.
Žw ..In fact, for any y g C 0, q‘ , t G 0 we have
t yv Ž tys.5 5 < <Kg t F e g s dsŽ . Ž .H
0
1t yv Ž tys. yv t5 5 5 5 5 5F g e ds s g 1 y e rv F g .Ž .‘H ‘ ‘
v0
15 5 < Ž . < 5 5 5 5Therefore Kg s max Kg t F g , that is, K F 1rv.‘ ‘ ‘t G 0 v
È 2 2w x Ž . Ž .THEOREM 5.7. Suppose u : 0, T = L 0, l “ L 0, l is uniformly Lip-
2Ž .shitz continuous in y on L 0, l for any T ) 0 with a Lipschitz constant N
y1 '5 5 Ž .'- cr vra M n . Then the solution u t to the nonlinear e¤olution0
Ž . Ž .2.10 decays exponentially so that the solution u t to the original system
Ž . Ž .2.1 ] 2.5 is asymptotically stable in exponential form.
Proof. We have seen from Theorem 5.4 that the nonlinear evolution
'Ž . Ž . Ž .equation has a unique solution u t , and the system 2.1 ] 2.5 has a
Ž . Ž .unique solution u t . Now, we decompose the solution u t as follows
u t s j t q h t ,Ž . Ž . Ž .
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Ž . Ž .where j t , h t satisfy the following equations, respectively,
È Çj t q 2d Aj t q Aj t s 0Ž . Ž . Ž .½ j 0 s u 0Ž . Ž .
and
y1 Èh t q 2d Ah t q Ah t s n Vu t , yŽ . Ž . Ž . Ž .È Ç½ h 0 s 0.Ž .
In space H, the above equations become
'¡dj tŽ . '
s Aj tŽ .~ 5.9dt Ž .
' T'¢j 0 s u s u 0 , u 0 ,Ž . Ž . Ž .Ž .Ç0
' TŽ .where j s j , j , j s j , j s djrdt, and1 2 1 2
'' ' 'dh t s Ah t q F t , uŽ . Ž . Ž .
5.10Ž .'½ h 0 s 0,Ž .
' TŽ .where h s h , h , h s h, h s dhrdt,1 2 1 2
T' y1' ÈF t , u s 0, n Vu t , y .Ž . Ž .Ž .
Thus,
'' 'u t s j t q h t .Ž . Ž . Ž .
By the semigroup theory of linear operators, we know that
t '' 'h t s T t y s F s, u s ds.Ž . Ž . Ž .Ž .H
0
Ž .It follows from Theorem 5.1 and 5.8 that
ty1' 'yv Ž tys.5 5 5 5 5 5'h t F Ma N n r cr e u dsŽ . E H EŽ .0
0
ty1 'yv Ž tys.5 5 5 5 5 5'F Ma N n r cr e j q h ds. 5.11Ž .Ž .H E EŽ .0
0
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Ž . Ž .The solution of 5.9 should satisfy see Theorem 5.1 and Theorem 5.2
' 'yv t5 5 5 5j t F Me j t G 0 . 5.12Ž . Ž . Ž .E E0
Ž . Ž .Substitute 5.12 into 5.11 , we have
t 'y1' 2 yv t5 5 5 5 5 5'h t F M a N n r cr j e dsŽ . E H EŽ .0 0
0
ty1 'yv Ž tys.5 5 5 5'q Ma N n r cr e h dsH EŽ .0
0
'y12 yv t5 5 5 5's M a N n r cr j t ? eŽ .0 0
y1 '5 5 5 5'q Ma N n r cr K h tŽ .Ž .EŽ .0
and
y1 '5 5 5 5'I y Ma N n r cr K h EŽ .ž 0
'y12 yv t5 5 5 5'F M a N n r cr j t ? e . 5.13Ž .EŽ .0 0
Ž . Žw ..We observe 5.13 in space C 0, q‘ , using Lemma 5.6 and obtain that
y15 5 5 5'Ma N n r cr KŽ .0
y1 y15 5 5 5 5 5' 's Ma N n r cr K F Ma N n r cr v .Ž .Ž .0 0
y1 y15 5 5 5' 'But, N - cr vra M n , that is, Ma N n r cr v - 1, and hence0 0
y1 y1Ž Ž 5 5 . .'the inverse of the operator I y Ma N n r cr K exists and it is0
bounded. Thus
‘ ny1y1 y1 n5 5 5 5' 'I y Ma N n r cr K s Ma N n r cr K .ÝŽ . Ž .0 0
ns0
Žw .x w Ž 5 y1 5Since K preserves the ordering on C 0, q‘ , so does Iy Ma N n r0
y1y1 y1. x w Ž 5 5 . x' 'cr K . Applying I y Ma N n r cr K on both sides of0
Ž .5.13 , we get
‘ ny1' n5 5 5 5 'h F Ma N n r cr KÝE Ž .0
ns0
'y1 yv t5 5 5 5'= M2 a N n r cr j t ? eEŽ .0 0
'y12 5 5 5 5's M a N n r cr j EŽ .0 0
‘ ny1 n yv t5 5 '= Ma N n r cr K t ? e . 5.14Ž . Ž .Ý Ž .0
ns0
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From the known result below
t 2tyv t yv Ž tys. yv s yv tK te s e se ds s e ,Ž . Ž .H 2!0
we obtain that
t nq1
n yv t yv tK t ? e s e . 5.15Ž . Ž .
n q 1 !Ž .
Ž . Ž .Substituting 5.15 into 5.14 , we see that
'y1' 25 5 5 5 5 5'h F M a N n r cr jE EŽ .0 0
‘ nq1tny1 yv t5 5 '= Ma N n r cr eÝ Ž .0 n q 1 !Ž .ns0
‘ nq1tnq1' y1 yv t5 5 5 5 's M j Ma N n r cr ? eÝE Ž .0 0 n q 1 !Ž .ns0
' y1 t.yŽvyM a N 5 n 5 r cr'05 5s M j e .E0
y1 y15 5 5 5' 'Since N - cr vra M n , it follows that v y Ma N n r cr ) 0.0 0
y15 5 'Let r s v y Ma N n r cr , then r ) 0, and0
'' yr t5 5 5 5h F M j e r ) 0 . 5.16Ž . Ž .E E0
'' 'Ž . Ž .Combining 5.2 and 5.16 , we obtain from u s j q h that
' ' '' ' yv t yr t5 5 5 5 5 5 5 5 5 5u F j q h F M j e q M j eE E E E Z0 0
and
'' yr t5 5 5 5u F 2 M j e r ) 0, t G 0 .Ž .E E0
' 'Ž . Ž .Note that in 5.9 j s u is the initial value of system 2.10 , and it follows0 0
that
' ' yr t5 5 5 5u t F 2 M u e r ) 0, t G 0 . 5.17Ž . Ž . Ž .E E0
'Ž . Ž .This implies that the solution u t of the 2.10 is exponentially decay by
5 5the energy norm ? .E
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5 5 Ž .Recall the definition of norm, ? and 3.4 , we haveE
' 2 1r2 1r25 5 ² : ² :u s A u , A u q u , uE H 9 H 9Ž1. Ž1. Ž2. Ž2.
² : 5 5 2s Au , u q uH 9 H 9Ž1. Ž1. Ž2.
² : 5 5 2G Au , u G C u .H 9 H 9Ž1. Ž1. Ž1.
Ž . Ž .However, u s u is just the solution of the system 2.1 ] 2.5 . Hence weŽ1.
have
1 '5 5 5 5u t F u ,Ž . H 9 E'c
'5 52 M u E0 yr t5 5u t F e r ) 0, t G 0 , 5.18Ž . Ž . Ž .H 9 'c
Ž . Ž . Ž .which indicates that the solution u t of the original robot system 2.1 ] 2.5
is exponentially decay.
THEOREM 5.8. If we design the controller
t t s yEIy0 0, t y h u t y u , 5.19Ž . Ž . Ž . Ž .Ž .e 0
w x 2 Ž .where u g 0, 2p , 0 F h F m r4 J . m and J can be found in 2.6 , for0 m m
Ž . Ž . Ž .the system 2.1 ] 2.6 , then the bending ¤ibration y t, x and torsional ¤ibra-
Ž .tion f t, x of the robot arm can be suppressed to be exponentially stable, and
the elastic arm of the robot can be arri¤ed at any designated position, that is,
lim u t s u .Ž . 0
t“‘
Ž . Ž . Ž . Ž .Proof. Let u t s u t y u . Substitute 5.19 into Eq. 2.6 to finde 0
È ÇJ u t q mu t q hu t s 0.Ž . Ž . Ž .m e e e
Solve the above ordinary differential equation with the initial condition
Ž1. Ç Ž2.Ž . Ž .that u 0 s u y u , u 0 s u to obtaine 0 e
u t s C eyp 1 t q C eyp 2 t , 5.20Ž . Ž .e 1 2
where
p u y p u Ž1. y u Ž2. p u Ž1. y p u q u Ž2.2 0 2 1 1 0
C s , C s ,1 2p y p p y p1 2 1 2
2 2' 'm q m y 4 J h m y m y 4 J hm m
p s G 0, p s G 0.1 22 J 2 Jm m
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Ž .We shall see from 5.20 that there exist two constants, C , p, such that0
È yp t Ç yp t ypt< < < < < <u t F C e , u t F C e , u t F C e . 5.21Ž . Ž . Ž . Ž .e 0 e 0 e 0
Ž .Considering the first order evolution equation 2.10 . We have seen in
' Ž .Theorem 5.5 that for every u g D A , there is a unique strong solution0
given by
t ''u t s T t u q T t y s F s ds, 5.22Ž . Ž . Ž . Ž . Ž .H0
0
Ž . 5 Ž .5 yv tŽ .where A is the generator of a semigroup T t . Since T t F Me t G 0' ' y1ypt TÈŽ . 5 Ž .5 w Ž .x Ž . Ž Ž . .see Theorem 5.1 , F t F C K e see 2.10 , F t s 0, n V u ,0 0
Ž .we can evaluate 5.22 in norm as
MC K0 0' ' yv t ypt yv t5 5 5 5u t F M u e q e y e . 5.23Ž . Ž . Ž .E 0 v y p
'Ž . 5 Ž .5 Ž . Ž . Ž .It follows from 5.23 that lim u t s 0, and u t s u t , u t sÇt “‘ Ž1.
Ž . Ž . Ž .u t decay exponentially. This implies that the robot system 2.1 ] 2.6 isŽ2.
Ž .exponentially stable. In other words, the bending vibration y t, x and
Ž .torsional vibration f t, x are suppressed to be exponentially stable.
Ž . Ž . Ž .Furthermore, in terms of relationship u t s u t q u and 5.21 , wee 0
see that
lim u t s u .Ž . 0
t“‘
This means that the robot arm will eventually arrive at any designated
position. The proof is complete.
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